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The zeroth law of black hole mechanics is an assertion of constancy of the surface gravity on a
stationary Killing horizon. The Hawking temperature of the black hole horizon is proportional to
the surface gravity. Therefore, the constancy of the surface gravity is reminiscent of the zeroth law
of ordinary thermodynamics. In this work, we provide a proof of the zeroth law in Lanczos-Lovelock
theories of gravity, where the Einstein Hilbert action is supplemented by higher curvature terms.
I. INTRODUCTION
The laws of black hole mechanics have intriguing
similarities with that of ordinary thermodynamics [1].
The zeroth law in thermodynamics defines the concept of
temperature via the transitivity of thermal equilibrium.
Similarly, the zeroth law for black hole mechanics is
an assertion of the constancy of surface gravity of
a stationary Killing horizon. Once we associate the
Hawking temperature of the black hole with the surface
gravity, the zeroth law of black hole mechanics becomes
the zeroth law of black hole thermodynamics. There
are various possible proofs of the black hole zeroth law
with different degree of generality. If we consider an
event horizon in a stationary spacetime, the rigidity
theorem [2] assures that the event horizon is also a
Killing horizon. Then, we can define the surface gravity
using the time-like Killing vector which becomes null on
the horizon. If this spacetime is a solution of Einstein’s
equation, the constancy of the surface gravity can be
established using only the dominant energy condition on
the matter field. No further assumption related to the
geometric structure of the horizon is required.
However, quantum general relativity is a perturba-
tively non-renormalizable theory. Such a theory may
make sense only as an effective theory with higher
curvature terms supplementing the original action. It is
also possible that the Einstein equations are modified at
a shorter length scale, with new higher curvature terms.
In principle, the nature of such terms will ultimately be
decided by the details of the UV-physics. Nevertheless,
we can always adopt a bottom-up approach and explore
the aspects of some well-motivated higher curvature
theories. A suitable example of such a theory is the
Lanczos-Lovelock gravity, where a specific form of the
higher curvature terms is considered so that the field
equations remain second order in time. Moreover,
Lanczos-Lovelock gravity is a unique ghost-free theory
of gravity, where explicit black hole solutions are known
[3]. On the other hand, the derivation of the Hawking
radiation is independent of the theory of gravity; it
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depends only on the geometric structure of the black
hole spacetime [4]. Hence, it is important to understand
the status of the zeroth law of black hole mechanics in
higher curvature gravity, so that we can extend the black
hole thermodynamics beyond general relativity. The
aim of this work is to provide a proof of the zeroth law
for stationary black hole solutions in Lanczos-Lovelock
gravity generalizing the result of general relativity.
As per our knowledge, this is the first proof of black
hole zeroth law for a well-motivated modified theory
of gravity. This proof exemplifies the generality of the
concepts of black hole mechanics beyond the Einstein’s
theory of gravity.
If we want to extend the proof of the zeroth law to
higher curvature theories, we can not use the Einstein’s
field equations. The field equation will have contribution
from higher curvature terms and further assumptions
are used to establish the zeroth law. We can assume that
the stationary space time contains a bifurcation surface;
a compact cross section of the horizon in the past where
the Killing field vanishes. Then, the zeroth law can
be proven without the gravitational field equations [5].
Also, it turns out that the surface gravity is constant
for all static black hole horizons [5]. Another possibility
is to assume t − φ isometry; the existence of another
space-like Killing vector which commutes with the
original time-like one. The surface gravity is a constant
for any black hole horizon if the spacetime has t − φ
isometry [5, 6]. However, there is no general proof of the
zeroth law once we venture beyond general relativity.
Interestingly, both the first law [7, 8] and the quasi-
stationary second law [9–11] have been extended for
various other theories, like in Lanczos-Lovelock gravity.
At this stage, a natural question to ask is: whether the
zeroth law can also be extended for general stationary
black holes in Lanczos-Lovelock class of theories. The
importance of such an extension can hardly be over-
stated. This will establish that the thermodynamic
properties of a stationary event horizon transcends
general relativity and valid even for a higher curvature
gravity. Note that, any such extension requires the
validity of two separate theorems. First, the constancy
of the surface gravity needs to be proven for a Killing
horizon in the theory. Next, a proof of the rigidity
theorem is also required to establish the zeroth law for
2the event horizon. In this work, we only consider the
first problem. The validity of the rigidity theorem for
Lanczos-Lovelock gravity is still an important open issue.
Few years ago, an attempt was made [13] to establish
the zeroth law for Lanczos-Lovelock gravity and the
authors concluded that the constancy of surface gravity
does not hold in general. In this work, we demonstrate
that the aforesaid claim is not completely correct by
proving the following statement: In Lanczos-Lovelock
theory, the surface gravity is a constant on a stationary
Killing horizon, provided the matter obeys dominant
energy condition. The proof only requires an extra
condition that the geometric quantities are well-behaved
on the horizon, and there is smooth limit to general
relativity.
The structure of the paper is as follows: we first re-
view the properties of a Killing horizon. Next, the main
result, i.e., the extension of the zeroth law to the Lanczos-
Lovelock theory is presented. Finally, we conclude with
further discussions. We work with the metric having
mostly-plus or, (−,+,+,+, ....) signature and follow the
same sign conventions as mentioned in [6].
II. GEOMETRY OF STATIONARY EVENT
HORIZON
Before going into the generalization of the zeroth
law in higher curvature theories, we first make a quick
review of the GR case. For this purpose, let’s begin with
the discussion of the properties of Killing horizons.
A Killing horizon is a null hypersurface H gener-
ated by a time-like Killing vector field ξa =
(
∂
∂v
)a
, which
is null on the horizon. Note that the parameter ‘v’ along
the generators is not necessarily an affine parameter. An
important quantity related to a Killing horizon is the
surface gravity (κ) which is defined by the equation at
the horizon,
ξb;aξ
a = κ ξb . (1)
By the virtue eq.(1), it is possible to show that the surface
gravity is constant along a generator [1, 7], κ;a ξ
a = 0.
However, surface gravity may vary from one generator to
the other, in general. Therefore, it is interesting to study
the variation of surface gravity across the generators.
In order to proceed, we construct a basis {ξa, Na, eaA}
on the Killing horizon. Here, ξa is the Killing vector
field discussed above and Na is another null vector sat-
isfying, ξaNa = −1; N
aNa = 0. Moreover, {e
a
A} are
(D − 2) space-like vectors along the transverse direc-
tions satisfying, ebAξb = e
b
ANb = 0. The Killing hori-
zon of a stationary spacetime can be characterised by
vanishing shear and expansion parameters. Therefore,
using Raychaudhury’s equation together with the evolu-
tion equation for shear, we obtain [6, 18] on the horizon,
Rabξ
aξb = 0 , Rabcd e
a
Ae
b
Be
c
Cξ
d = 0 . With the help of
these results, one can now compute the variation of sur-
face gravity across the generators as,
κ;ae
a
A = −Rarpq ξ
rNpξqeaA = −Rab ξ
aebA . (2)
To establish the zeroth law, we need to show that the
R.H.S of the Eq.(2 ) vanishes identically. For this pur-
pose, we use the Einstein field equations in the context
of GR and the dominant energy condition on the matter.
These two conditions together imply that,
κ;ae
a
A = 8pijae
a
A , with ja = −Tabξ
b ∝ ξa . (3)
Then, the zeroth law follows directly from the orthogo-
nality property, ebAξb = 0. It is evident that the proof is
no longer valid when higher curvature terms modify the
field equation.
III. ASPECTS OF LANCZOS-LOVELOCK
GRAVITY
The Lanczos-Lovelock gravity is the most natural ex-
tension to the Einstein-Hilbert theory of gravity involv-
ing specific higher curvature terms in the action, so that
the field equations remain second order in time. The La-
grangians of such theories can be compactly written as
(neglecting the m = 0 term, which is the cosmological
constant) :
L(D) =
[D−1)/2]∑
m=1
αmL
(D)
m , (4)
where {αm} is a set of arbitrary constants with α1 = 1.
The m-th order Lanczos-Lovelock term, L
(D)
m is con-
structed from the D-dimensional curvature tensor Rcdab
and the generalized alternating tensor δ........ which is to-
tally antisymmetric in both set of indices. The expression
of L
(D)
m is given by
L(D)m =
1
16pi
1
2m
δa1b1...ambmc1d1...ǫmdmR
c1d1
a1b1
· · ·Rcmdmambm . (5)
The terms correspond to m=1 and m=2 are the
Einstein-Hilbert and Einstein-Gauss-Bonnet gravity
(EGB) Lagrangians, respectively. The field equation of
Lanczos-Lovelock theories can be expressed as, Gab +∑m
j=2 αjE(j)ab = 8piTab, where
Ea(m)b = −
1
2m+1
δaa1b1...ambmbc1d1...cmdm R
c1d1
a1b1
· · ·Rcmdmambm . (6)
More detailed discussion on Lanczos-Lovelock gravity
and the thermodynamical properties of corresponding
black hole solutions can be found in [12, 16, 17].
3IV. ZEROTH LAW IN LANCZOS-LOVELOCK
GRAVITY: A PREVIOUS ATTEMPT
In [13], the authors tried to extend the zeroth law
of black hole thermodynamics for the Lanczos-Lovelock
theories of gravity. However, they claimed that such
generalization does not work. We will show that their
claim is not completely correct and one can indeed
generalize the zeroth law in Lanczos-Lovelock gravity.
In GR, we have easily shown that κ;ae
a
A = 0 , us-
ing the Einsteins field equation along with the dominant
energy condition. However, for Lanczos-Lovelock gravity
it is not so trivial to prove the same, even with the help
of the field equation and the energy condition. The
authors of [13] formulated a method to tackle this issue.
Proceeding in the same way as in GR (i.e., using the
field equation and the dominant energy condition) , they
finally arrived at the equation
κ;ae
a
B = −
∑
m>1
2mαm
(D−2)EA(m−1)B e
a
ARarpqξ
rNpξq ,
(7)
where (D−2)EA(m−1)B is the equation of motion of the
(m-1)-th order Lanczos-Lovelock theory constructed
using intrinsic curvatures (D−2)RABCD of the horizon
cross-section. Note that for GR (m=1), the right hand
side of this equation vanishes trivially. However, for any
other theory in Lanczos-Lovelock class, the same can
not be said. Thus, it is not at all obvious how the zeroth
law can also be extended in Lanczos-Lovelock theories.
Nevertheless, in the next section, we show that it
is indeed possible to generalize the zeroth law for
Lanczos-Lovelock gravity. We only need a mild and
reasonable assumption that there exists a well-defined
limit to general relativity as α → 0. This will enable
us to establish the zeroth law for stationary black holes
in Lanczos-Lovelock gravity without any further symme-
try. We first work out the case of Einstein-Gauss-Bonnet
gravity; the first non trivial Lanczos-Lovelock term cor-
responding to the case m = 2.
V. GENERALIZATION OF THE ZEROTH LAW
IN EGB THEORY (m = 2)
As a special case of eq.(7), we first consider m = 2,
i.e., the Einstein-Gauss-Bonnet (EGB) theory. Then, we
have
(D−2)EA(m−1)B =
(D−2)GAB =
(D−2)RAB −
1
2
δAB
(D−2)R .
Using eq.(2), we can rewrite eq.(7) as follows (denoting
αm=2 as α, for brevity):
κ;ae
a
B = 4α
(D−2)GAB
(
κ;be
b
A
)
,
⇒
(
δAB − 4α
(D−2)GAB
)
κ;ae
a
A = 0 . (8)
The mathematical structure of this equation can be
interpreted as follows: the vector TA = κ;ae
a
A of the
(D-2)-subspace, when acted upon by the square-matrix
MAB =
(
δAB − 4α
(D−2)GAB
)
, reduces to the zero-vector
in that sub-space. If we demand that the EGB theory
has a ‘smooth’ limit (as α → 0) to GR, then one must
have MAB → δ
A
B . We want to emphasise that eq.(8) is
an identity, and hence, true for all α. In other words, if
we vary α, the value of the other parameters will change
in such a manner that this equation still holds true.
One way to prove κ;ae
a
A = 0 will be to show
det
(
δAB − 4α
(D−2)GAB
)
6= 0 (9)
at every point on the hypersurface. However, it is a
tremendous task to perform for an arbitrary choice of
α. For this reason, we first explore the case for small
values of α and then use some other technique to prove
the general case.
In the small α regime, we can expand the determi-
nant as follows
det
(
δAB − 4α
(D−2)GAB
)
≈ 1− 4α tr
(
(D−2)GAB
)
= 1 + 2α(D − 4) (D−2)R .
At D = 5, the RHS of the above equation matches
exactly with the entropy density [12] of the Gauss-
Bonnet theory, which is surely non-zero. Thus, for
5-dimensional EGB theory, zeroth law holds true for
small values of the coupling constant (α) irrespective
of its sign. On the other hand, at D > 5, the pos-
itivity of entropy density implies the zeroth law for
non-negative (small) values of α only. It is due to
the following inequality satisfied by the determinant:
det
(
δAB − 4α
(D−2)GAB
)
> 2α(D − 5) (D−2)R > 0, at the
first-order of α.
Now, let’s consider the case for arbitrary coupling
constant α and general dimensions. To proceed, we
rewrite eq.(8) in a very suggestive manner,
4α (D−2)GAB TA = TB . (10)
The demand that in α → 0 limit we recover the correct
GR result, puts a strong constraint on the plausible
forms of GAB and TA : These quantities must have
‘smooth’ analytic structures in α. That is, we should be
able to write, GAB = (G0)
A
B + α(G1)
A
B + α
2(G2)
A
B + ....
4and similarly, TA = (T0)A + α(T1)A + α
2(T2)A + ...., for
all α. The correct GR result (TA = 0) is obtained if we
set GAB → (G0)
A
B and TA → (T0)A = 0, in α → 0 limit.
It implies that there can not be any α0-order term in
TA, i.e., (T0)A vanishes identically.
We can now substitute these forms into eq.(10) for
further analysis. Since eq.(10) is true for all α, we must
compare the like-coefficients of various powers of α on
the both sides of the equation. Then, it is easy to check
that (T1)A = (T2)A = .... = 0, i.e., the only solution
is TA = 0. This immediately leads to the zeroth law,
TA = κ;ae
a
A = 0 for the Einstein-Gauss Bonnet gravity.
Let’s study a very suggestive illustration which seems to
disagree with our previous conclusion in the first sight.
Consider the case where MAB = 0. In such situation,
the equation MABTA = 0 holds true even if TA 6= 0.
However, a closer inspection will show this is not really a
disagreement. The point being the equation MABTA = 0
is an identity and therefore, it is true even for GR. This
observation, in turn, suggests that (D−2)GAB is regular
in the limit α → 0, i.e., does not contain terms of order
O(1/α). With this constraint, it is almost trivial to
see that MAB =
(
δAB − 4α
(D−2)GAB
)
can not always be
zero (or, any fixed constant) at every point on the cross
section as we vary α. Thus, the only way MABTA = 0 for
every choice of α is TA = 0, which is in accordance with
our previous result.
VI. GENERALIZATION OF THE ZEROTH LAW
FOR m > 2 LANCZOS-LOVELOCK THEORIES
The Einstein-Gauss-Bonnet case, as discussed earlier,
gives us the insight to extend the zeroth law even further
for the full Lanczos-Lovelock class of theories. The cal-
culation in this section will be very similar to that in the
previous section. For m ≥ 3, the generalization of the of
eq.(8) is given by,
(
δAB − 2
jαj
(D−2)LAB
)
κ;ae
a
A = 0 . (11)
Here, we have defined a new quantity LAB as follows
LAB =
∑
m≥2
2m−jβm,j
(D−2)EA(m−1)B , (12)
where βm,j is a short-hand for (αm/αj), with αj being
the first non-zero coupling constant in the set {αm |
m ≥ 2}. This equation has a very similar structure to
that of eq.(8). Therefore, we can proceed in the same
way as before and extend the zeroth law for the full
Lanczos-Lovelock class of theories.
VII. CONCLUSIONS
Let us first summarize our result. We use the field
equations of Lanczos-Lovelock gravity and show that
the surface gravity of a stationary Killing horizon is a
constant, provided the matter obeys dominant energy
condition and the higher curvature theory has a smooth
limit to general relativity. The second condition seems
reasonable and physical. However, this condition is
non-trivial. This is because the space of solutions of
any higher curvature gravity may be ‘larger’ than that
of general relativity. In fact, in EGB gravity, there are
spherically symmetric solutions which do not have a
smooth limit to general relativity [3]. Our proof may
not be valid for such pathological situations.
The proof clearly shows the special structure of the
Lanczos-Lovelock gravity, which allows us to write eq.(8)
and (11), for the transverse derivatives of the surface
gravity. Obviously, this structure may not be true for
a general gravity theory. Nevertheless, we can still ask
an interesting question: What should be the structure
of the field equations of a general gravity theory, so that
the zeroth law holds true as in the case of general rela-
tivity, without any further assumption including the as-
sumption of the smooth limit? To answer this question,
we consider a theory of gravity which has an equation
of motion, Gab + αHab = 8pi Tab, where Hab contains all
the contributions from higher curvature terms. The GR
limit is obtained as α→ 0. Now, extending the argument
in section-(II), it is straightforward to show that the re-
quirement of the validity of the zeroth law isHabξ
aebA = 0
identically. Also, since we are working with a stationary
Killing horizon, we have Habξ
aξb = 0. This restricts the
form of Hab on the horizon as:
Hab = C ξaξb +D g
⊥
ab + EcN(aγ
c
b) + Fmnγ
m
a γ
n
b . (13)
Here, γab is the intrinsic metric of the horizon cross
section and g⊥ab is the metric on the 2-plane perpendic-
ular to it. Here, C, D, Ec and Fmn are local geometric
quantities constructed from the metric and curvatures at
the horizon. The validity of the zeroth law demands that
the equation of motion of the higher curvature theory
must be of this form on the horizon. Moreover, if we also
have t− φ isometry, it will imply Habξ
a ∝ ξb. Then, we
would have Ec = 0. Note that the t−φ isometry implies
the zeroth law, but the opposite need not be true. It is
remarkable that we can establish the zeroth law for the
Lanczos-Lovelock gravity, including general relativity
without any such assumption of symmetry. This may not
be the general feature of an arbitrary higher curvature
gravity. Also, what remains to be proven is the analog
of the Strong Rigidity Theorem for Lanczos-Lovelock
gravity. The higher dimensional extension of Hawing’s
proof is provided in [19], where it is shown that in
general relativity, a higher dimensional stationary black
hole that is rotating must be axisymmetric. We expect
5that using our result, this proof may also be extended to
the Lanczos-Lovelock gravity.
It is intriguing that the structure of the field equations
of Lanczos-Lovelock gravity admits the generalization of
the zeroth law. This result strengthen the idea that the
thermodynamic nature of the black hole horizon is not
limited to general relativity, but transcends to other the-
ories of gravity. It would be interesting if there is a fur-
ther generalization of this result to stationary black hole
solutions of a general gravity theory.
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